HENHIVMHI KONMBAHHS 2 ¢ 1998

UDC 517.9

ON ,,UNIMODAL-BIMODAL” BIFURCATION
IN A FAMILY PIECEWISE LINEAR MAPS

IIPO BI®YPKAIIIO IEPEXOOY

BII YHIMOJAJIBHOI'O BITOBPAXKEHHSA

10 BIMOJAJILHOT'O B KYCKOBO-JIHITHIX
BIJOBPAXKEHHAX

Yu.L. Maistrenko, V.L. Maistrenko, S.I. Popovych

Inst. Math. Nat. Acad. Sci. Ukraine,

Ukraine, 252601, Kyiv 4, Tereshchenkivs’ka str., 3

e-mail: maistrenko@imath.kiev.ua;

vikul@imath.kiev.ua

We proof the theorem on existence of period adding cascades of attracting cycles Yz42k/54+4x and
Yi42k/3+4ky k = 0,1,..., arising as a result of transition from unimodal to bimodal map in a fa-
mily of three-p ise linear dii ional maps.
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1. The problem. Consider a one-dimensional map arising from the time-delayed Chua’s
circuit [1], in the form:

fir=lz—1b=1/p+1, z<b+1/p;
f=fips(2) = { fa:=pz - pb, b+1/p<z<b-1/p; (1)

fa=lz-lb+1/p-1, z>b-1/p,
where parameters [ and p are slopes of linear branches and b is a shift with respect to the
origin, of the graph y = f(z). The parameters are supposed to belong the region
n={(pb:0<I<1, -oo<p<-1, [b<1+1/p}. 2)

For all (I,p,b) € T, fips has a unique finite invariant interval [—1,1] (invariance means
that f([-1,1]) = [~1,1]) where f is a bimodal three-piecewise linear map (Fig. 1, a). Interval
[~1,1] attracts all trajectories of f; more exactly, any trajectory gets into [—1,1] in a finite
number of iterations and never leaves it after. An invariant set possessing such type property of
attraction is, usually, called by absorbing or trapping set or area [2]. Thus, for any (I,p,b) € Il
fipb has an absorbing interval [—1, 1] where it is three-piecewise one.

If

1+1/p<|bl<1-1/p,

© Yu.L. Maistrenko, V.L. Maistrenko, S.I. Popovych, 1998 29


mailto:rnaistrenko@imath.kiev.ua
mailto:vikul@imath.kiev.ua

absorbing interval still exists, being equal [f(1), 1] for b > 0 and [-1, f(—1)] for b < 0, but the
map considered is a two-piecewise there. Indeed, it is a skew tent map in the form

lz +a, z<¢
fip(e) = { (3)

pT—p+ fipp(l), z2¢

where a = 1-I(b+1/p), c=b+1/p (Fig. 1, b). Regular and chaotic attractors of the skew
tent family were described in [3, 4].
At last, if

|| >1-1/p,

fi,p» does not have any finite nontrivial invariant intervals, and the unique its attractor is an
b - -1 1
+ip 1fm‘b>00r [+ for b < 0.

So, when parameter b crosses the surfaces || = 1 — 1/p ( |b| decreases) ,,border-collision”
bifurcation takes place [5]. It consists in passing by the attractive fixed point z* through the
extremum (turning) point which is a border of two intervals where the map is linear. Result of
border-collision bifurcation is a birth of an absorbing invariant interval, and f is a skew tent
map there. Just after the border-collision bifurcation, this newly appeared invariant interval
is infinitesimal, then its size increases linearly with b.

Let’s continue decreasing the modulus of the parameter b. When it passes through the value
1+ 1/p, (I, p, b)-parameter point enters the region II, and the ,unimodal-bimodal” bifurcation
takes place consisting in the following: in the invariant interval, the map fj ;5 turns to change

attractive fixed point z* equals

its form from two-pi ise to three-pi ones.
2. Attracting cycles and their rotation numbers. At the parameter surface p = —co,
the map f = fi,p can be rep d as a disconti circle map in the form:
z + lz + a(mod 1), 4)
where a = 1 — I(b+ 1)/2. If I = 1, the map (4) turns to a shift circle map with a rotation

number p = (1 — b)/2. At I < 1 regions II,, arise (Arnold’s tongues) in the parameter plane
(1,b) for any r and g be relatively prime. Each region II,/, is characterized by existence of
attracting cycle v, /, with rotation number r/q.

Let now p > —c0. Then fips, (I, p,b) € I1, has unique fixed point z* = pb/(p — 1) which is
repelling. For any period-g cycle of the map

y={"G)hI (f(z0) = %)
we introduce the following proper fraction:

_#i=Tg: fix) e (=1} _r
p=t s

g (5)

to be called a generalized rotation number (or simply, rotation number) of the cycle 7. De-
nominator ¢ of the fraction (5) equals to the period of the cycle. Numerator r indicates how
many points of ¥ belong to the interval (z*,1). Geometrically, r is a number of inverses of
corresponding g—periodic trajectory of f. Note, that the fraction r/q may be reducible.
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At p = —oo this generalized rotation number turns to usual rotation number of circle
map [6], which is the same for any trajectory. For fi,5 at p > —oo it is not the case:
different trajectories may have different rotation numbers. Rotation numbers of all admissible
trajectories of f forms rotation interval [6).

Let v be a cycle with a rotation number p = r/q. Cycle, possessing this property, will be
denoted by 7,/,. Moreover, (I, p,b)-parameter region where 7,/, exists and is attracting will
be denoted by II(v,/,) or, simply II, /.

As it was shown in [7], bifurcation ,via p = —00” of the family fi, gives rise to the regions
I, /- Every regions II,/, is characterized by the existence of the only one attracting cycle v/,
which is a conti ion of the corr ding attracting cycle incoming from the case p = —oo.
The cycle v/, has r points belonging to the right segment [b—1/p; 1] and g—r point belonging
to the left segment [—1; b+ 1/p] and has not any points in the middle segment [b + 1/p, b—
~1/p] (for a definiteness, we assume b > 0).

3. ,Unimodal-bimodal” bifurcation in the window between the regions II,/;
and IT)/3. This bifurcation consists in the transition from unimodal i. e. skew tent map f;,
to bimodal map fip in the invariant interval of f. In parameter space (I, p,b) it occurs at
[bl=1+1/p.

Numerical evidence suggests that, generally, such type bifurcation results in period adding
sequences of attracting point cycles Ya,, 4a12k/az+azks £ = 0,1,..., where a;5, 4,j = 1,2 are
integers characterizing each sequence [8-10]. All attracting cycles arising due to this bifurcation
have the only one point belonging to the right segment [b—1/p, 1] (b > 0) or to the left segment
[-1,641/p] (b<0).

In the theorem below we describe two such sequences in the window between regions

H1/2={§+1(1+1/p)<b< (1+l/p)}

1+1

and

Moo [Lo14P Q4 I=P)p | 141-B (1-1-1)1/p
WBETHIFE T 1+ THI+8 141402
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Fig. 2

(Fig. 2). Two sequences of regions of the existence of attracting cycles yz42x; and Yi42x,, k1,
oy
kg =0,..., are. shown in the window between the regions II; ; and I3 in the (p*, b) parameter
plane, where p* = log,(—p), at I =0,1.
Let fipp, (1,2,) € 11 be a map in the form (1). For any its trajectory n = {f(z)}i=®,
the following symbolic sequence

o1 bnee
of five syrﬁbols L, M, R, C), C; can be constructed by the rule:

L, if fi(z)e[-1,b+1/p);
M, if fi(z)€ (b+1/p,b-1/p);

&=1{ R, if fi(z)e(b-1/p1} (6)
C, if fix)=b+1/p;
Cy, if fix)=b-1/p,

i=0,1,...
Theorem. When the parameter point (I,p,b) enters the region Il through the surface

b =1+ 1/p, between the regions 11y, and Tly/3, two sequences of attracting cycles Yok, and
Yox, appear with the following generalized rotation numbers and symbolic sequences:

2+ 2k,
Pry = 5+_4’.i, (LM)* LM?LR..., ki =0,1,..,
142k, ke _
P = iR (LM)**MLR..., ky=0,1,....
Moreover:

i) numbers of attracting cycles v, and yx, are finite at any fived l'e (0,1) and tends to
infinity when | tends to 0;

ii) regions I, and Il,, in which these cycles v,,, and 7,,, ezist and are attracting are
bounded by the curves obtained from the conditions:
for l'hm:l 5
8 (M AR RSB =1,
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87 fafi(fef)™ BA(-1)=-1,

Pht3pakite _ g

for H%:
8D (uf)* fafif3(1) = 1,

872 fs(ff) fafi(-1) = -1,
[kt g,

iii) when parameter point (l,p,b) leaves the region Ilaiax crossing curve bg"') or bg'),

1
border-collision bifurcation takes place; it results in a cycle of (5 + 4k,) invariant intervals at
every of which the map f5+4%1 is a skew tent map with the slopes of linear branches equal to
Phit3p2hit2 gng [2ht2p2ki+3; o
3

iv) when parameter point (I,p,b) leaves the region Ii4ax, crossing curve b§+) or by, an
4

inverse saddle-node bifurcation takes place; it results in appearance of everywhere dense in
[-1,1] trajectories of fipp

4. Kneading sequences: principal Lemma. Proof of the theorem is based on the
theory of kneading sequences of the skew tent map, and firstly, we remind some notions and
definitions of this theory to be used below (for detailed see [6, 11 - 13]).

Let f be a unimodal map (Fig. 1, b). We associate with z a finite or infinite sequence of
the symbols L,C, R, called itinerary. Let define the ith address of a point z ;(z) as follows:

L, if fiz)el0,0)
bi(z) =1 C, if fi@x)=¢ W)
R, if fi(2) € (1),

i=0,1,...

We define the itinerary of & denoted by 8(z) as follows:

1) 84(2) = 80(2)01 (2)...0n(2)..., if ;(z) € {L, R} for all i > 0;

2) 05(z) = Oo(2)61(2)...0n(2)..., if 0,(z) = C and 6;(z) € {L, R} for all i € {0,1,...,n—1}.

The sequences 8¢ (f(c)) = 6(1) is called the kneading sequences of f.

Let A = AgAy;... be a sequences of elements A; € {L,C, R}. We say that A is admissible if
one of the following two conditions is satisfied:

1) A= AoA;...A,... if A; € {L, R} for all i > 0;

2) A= AoAy...An if Ap=C and A; € {L, R} forall i € {0,1,..,n—1}.

Now, we introduce an ordering in the set of all admissible sequences. We set L < C < R
and we extend this ordering to the set of all admissible sequences as follows. Let KoK...K,
be a finite (or empty) sequence of symbols L, R. We say that KoK)...Ky, is even (odd) if it has
an even (odd) number of R's. Assume that K = KoKj... and K’ = K{K'y... are admissible
sequences such that K # K'. Let n be such that K; = K/ for i < n and K, # K. Then we
say that K < K' if either

1) K, < K}, and KoK;...K,, is even;

2) Kn > K, and KoKj...K,_, is odd.
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The following result about icity of kneading seq for skew tent map was

obtained Iin [11, 12]. Consider the map f = fi, in the form (3) and let (I,p) € D, =
1-1

{"zv-—lu |

If (I,p') > (I,p) (i. e. I' > 1p' > pand at least one of these inequalities is strict) then

K('p) > K(I,p)-

To prove the Theorem, we need the following Lemma.

Lemma. For the skew tent map fip, (0 < 1 < 1, p < —1) in the window between the
regions 11y, and 11,3, there ezist the only two sequences of_the cycles Y(a4aky)/(5+4k1) and
Y(142k;)/(3+4k;) k1, k2 = 0,1, ... with kneadings RLR(RLRL)'RC and RLRRL(RLRL)'RC
1=0,1,..., such that the number of symbols R in each of them is not greater than the number
of symbols L plus number of symbols C plus 1.

Proof. Consider the skew tent map fip, in the form (3). Using the property of mono-
tonicity of kneading sequences for skew tent map, let’s construct kneading sequences between
RLRC and RLC corresponding to the cycles v;/4 and 71/3.

Step 1. The first two symbols in kneading sequence are obviously R and then L. For third
symbol, generally, three possibilities exist: R, C' and L. However, ordering for third symbol
is: R < C < L (the number of symbols R before third symbols is odd) therefore, third symbol
should be R. So, we have:

<p< —lni_l}, n =2,3,.... Denote K(l,p) a kneading sequences for this map.

RLRC < RLR... < RLC.

Note, that combinations LL and LC are not admissible in the window between RLRC and
RLC. For forth symbol the ordering is a contrary: L < C < R, hence the forth symbol will
be R, and we obtain:

RLRC < RLRR...< RLC.

Further, in the fifth place it can be any of three symbols L, C' and R ordering for which is
R < C < L. So, we have three possibilities for the continuation of the kneading RLRR... and
then ordered by:

RLRC < RLRRR... < RLRRC < RLRRL...< RLC.

Kneading RLRRR..., at arbitrary continuation, has the number of the symbols R more them
common number of symbols L and C plus 1 (the combinations LL and LC are not possible in
this window) which contradicts to the condition of Lemma. Thus, RLRRC is the first (from
the left side) -admissible kneading in the window considered.

Step 2. Consider the next kneading RLRRL.... At the sixth place in it, the only symbol
R can be put (combinations LC and LL are not admissible), but the seventh symbol may be
any from L, C and R for which the order is L < C < R. So, we have:

RLRC < RLRRC < RLRRLRL...< RLRRLRC < RLRRLRR... < RLC.

Analogically to the step 1 we conclude that the kneading RLRRLRR... doesn’t satisfy the
conditions of the Lemma at the arbitrary its continuation.

The eight symbol in the kneading RLRRLRL... can be the only R, meantime any symbol
from L, C and R may be put at the ninth place. The order for the ninth symbolis R < C < L.
So, we obtain:
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RLRC < RLRRC < RLRRLRLRR... < RLRRLRLRC <
< RLRRLRLRL... < RLRRLRC < RLC.

The kneading RLRRLRLRR... doesn’t satisfy the condition of the Lemma. Therefore, by step
2 we have constructed two kneadings RLRRLRLRC and RLRRLRC which are admissible
according to the conditions of the Lemma. Moreover,

RLRRLRLRC is the first one larger then RLRRC (being constructed in the step 1) and
RLRRLRC is the first one smaller then the maximal kneading of the window RLC'. Therefore,

RLRC < RLRRC < RLRRLRLRC < RLRRLRLRL... < RLRRLRC < RLC.

Step 3. Repeating the arguments of the step 2, we obtain two more kneadings satisfying
the conditions of the Lemma and ordered as follows:

RLRC < RLRRC < RLRRLRLRC < RLRRLRLRLRLRC <
< RLRRLRLRLRLRL...< RLRRLRLRLRC < RLRRLRC < RLC.

And so on. After (i — 1) steps we obtain the sequence of kneadings satisfying the conditions
of the Lemma and ordered as follows:

RLRC < RLRRC < ... < RLRRL(RLRL)'"'RLRC <
< RLRRL(RLRL)'RLRC < RLRRL(RLRL)"*' < ...
...< RLRRL(RLRL)'RC < RLRRL(RLRL)""*RC < ... < RLC.

It follows from the construction of the sequence that there are not any other kneadings
satisfying conditions of the Lemma in the window considered. Therefore, in this window the
following order occurs:

RLRC < RLRRC < ... < RLRRL(RLRL)""'RLRC <
< RLRRL(RLRL)'RLRC < ... < RLR(RL)® < ...<
< RLRRL(RLRL)'RC < RLRRL(RLRL)''RC < ... < RLC.

Lemma is proved.

5. Proof of the Theorem. Let’s consider map (1) at b= 1+ 1/p i.e. parameter point
(1, p, b) belongs to surface of the transition ,from unimodal map to bimodal map”. Our map is
unimodal (skew tent map) at this moment on the invariant interval (Fig. 1, b). Let parameter
I be any fixed and we consider a part of the curve b = 1+ 1/p between the regions II;,
and I1;/3. From one side this curve is tangent to the angle point between boundaries of the
regions II, / and II;/4 and from the other side it is tangent to the boundary of the region II; 3.
Point cycles 7;/4 at (I, p) € I and 7,3 at (/,p) € II for bimodal map fi 5 and their symbolic
sequences are LMLR... and LLR... correspondingly.

Meantime our map may be considered as a unimodal map on the invariant interval on the
arc of curve b = 1+41/p. Then the kneadings of that cycles on the ends of the arc equal RLRC
and RLC.
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According to the Lemma, there exist two sequences of kneading, which correspond to some
point cycles (for skew tent map):

RLRC < RLRRC < ... < RLRRL(RLRL)'RLRC < ... <
< RLR(RL)® < ... < RLRRL(RLRL)'RC < ...< RLC, i=0,1,....

Note, that these sequences have the same limit kneading at ¢ — oo which equals RLR(RL)*™.
Let the parameter point (I, p,b) is crossing the surface b = 1+ 1/p and enters the regions
II. Then our map becomes bimodal map on the invariant interval (i.e. right branch of the
map appears). So, according to continuity, the last right point of the cycle continuously passes
into right branch of the bimodal map.
Therefore, in this window the two sequences of the point cycles appear in neighborhood
curve with cor ding symbolic

RLMR < RLMML < ... < RLMML(ML)* < RLMML(MLML)'...
.. < RLMML(ML)*' < ..<RLL, i=1,2,..

Knowing the symbolic sequence for a cycle, it’s easy to define the rotation number of
this cycle: for each symbolic sequences there corresponds the only one generalization rotation
number. So, between regions II;/; and Il /3 in this window there exist two sequences of the
point cycles with corresponding rotation number and symbolic sequences:

2+ 2k

Pry = m (LM)™ LM?LR..., k1 =0,1,...,
= Lt 2k 24 -

P =T (EMMMLR., k=01,

i) Let’s now consider stability of these cycles. Their multiplicators are:
fky = PRABpRED = ([pit2) = Phat2pdkatl = |(pPhatl),

Note, that [Ip| > 1 in this part of the parameter space. Hence, 0 < pr, < 1 and -1 <
fky < 0if I > 0 is small enough. Moreover, for any [ € (0, 1) there exist integers m; and ms
such that these unequalities are fulfilled if and only if k&; < m; and k2 < mj. In other words:
only the first m; and m; cycles of these sequences are attracting. It’s easy to obtain that
my = [In(3p?)~1/?] + 1, and mg = [In|i?p|~1/?] + 1. So, my — 00 and my — 0o at [ — 0.

ii) Knowing the symbolic sequences of these cycles, the conditions of their existence and
stability can be formulated with using the fact that the boundaries of their regions are ob-
tained from the condition of border-collision, saddle node or flip bifurcations. After some
transformation, formulas for the boundaries of these regions can be represented as follows:

for H::.—:;,L:
pe i,

(12k1+3p2h+2 - 1)(1 - lzpz) ;

(I (14 p(1+p) + P21+ D) (1= Bp?) + T+ p) (L +Ip) (1= ()]

o) =
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(1 =)™ (L + (1= D) (1 = Pp?) + (L +1p) (1 = (iD)™)]
FIPR L+ p(L+ ) + 1521+ D) (1~ ) + (L+ p)(L+ ) (1~ (o))

(1 — [2hi+3p2ki42) (1 — [2p2)

()
B TR 4 ) + 1 DA - Pl + 1+ P i)~ )]
A - p)[(P8+1ph (1 + p?) — 1) (1= Pp?) +1(1+1p) (1 = (ip)™))
F R (L4 p(1+ ) + 197 + D1~ ) + K+ A+ 9) (1 - ()]
for H% 3
p= 18,
b(_) (1- 12ka+2 2k;+1)(1 — 12 z)
P+ PR D) (- Pp) L+ )L+ I)(1- (lp)"")]
(= p)(Up)?*+! = 1)(1 = Pp?) +1(1 + ) (1 = (1))
U1+ PR (D) (1= Pp2) + I+ )L+ Ip) (1= (p)))
b“’) _ (12k:+2 2ka+1 _ 1)(1 o l? 2)
() =

g (4 11+ D)1~ P + K+ P) L+ Ip) (L= ()]

(L= y/p)[IPap?t (1 - (1 - Pp?) + (1 + Ip) (1 = (ip) ™))
TRt (1 4114 D)(1 - 2p?) + 11+ p)(1+1p) (1= (1))

These formulas have been used when odtaining Fig. 2.
iii) When parameter point (I, p, b) intersects the boundary curves b“') or bg_) of any region
[M242x, , border-collision bifurcation takes place. Indeed, so as ug, > 0 result of the bifurcation

1
is the birth of a cycle of (5 + 4k;) infinitesimal invariant intervals, at every of which the map
f5+4k1 is a skew tent map with the slopes of linear branches equal I2k1+3p2k1+2 and [2k1+2p2ki+3,
Thus, in this a case the bifurcation results in attracting point cycle or cycle of chaotic intervals
[4,7].

iv) When parameter point (I, p, b) intersects the boundary curves b;’” or b;_) of the region
M4, an inverse saddle-node bifurcation takes place. Indeed, so as p, < 0 after this

b

bifurcation we cann’t obtaine any finitesimal invariant intervals of the map f3*+42 in the
neigborhood of ¥ 142

Theorem is proveq_:l.

8. Remarks. 1. At ky, k; — oo the regions for the cycles 44, and vk, become more dense
approaching the surfaces of homoclinic bifurcations of the cycle v,/; with rotation number
1/2. The of h linic bif ion are determined from the conditions

fafif3(1) = 22,

fafi(=1) =22,
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where 23 = fy f(z2). Therefore, formulas for the boundaries are as follow:

p- = Up= (=P =D +p*)+(1-1/p)
el 11+p)+p(L+1+P)(Ip-1) '

ot = = l=)(lp-1)+(1-1/p)
T - D+

2. Neighboring regions for the cycles of second sequence 7142k,/344k,0 k2 =0,1,... c

intersect each other. It means that multistability phenomenon takes place: in each of these
intersecting regions, two attracting cycles coexist [9].

3. As numerical evidence suggests, there exist six period adding sequences of attracting

cycles in the window between regions II, /3 and II, /4. Moreover, between any two neighboring
parameter regions of the one of these sequences there exist two more embedded period adding
sequences [10]. Note, finally, that bifurcation picture becomes more and more complicated in
the next window. ’
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