HENHIVHI KOAMBAHHSI T.3 eNel 2000

UDC517.9

THE LIE-ALGEBRAIC STRUCTURE
OF LAX TYPE INTEGRABLE NONLOCAL
DIFFERENTIAL-DIFFERENCE EQUATIONS

JI-AITEBPATYHA CTPYKTYPA
HEJTOKAJBHUX TU®EPEHUIAJIBHO-PIZHUIEBUX
PIBHAHDB, IHTETPOBHHX 3A JJAKCOM

A. K. Prykarpatsky

Inst. Appl. Problems Mech. and Math. Nat. Acad. Sci. Ukraine,
Ukraine, 290601, Lviv, Naukova str., 3b

O.E. Hentosh

Inst. Appl. Problems Mech. and Math. Nat. Acad. Sci. Ukraine,
Ukraine, 290601, Lviv, Naukova str., 3b
and AGH, Poland, 30059, Krakow

V. Hr. Samoilenko

Kyiv. Nat. Univ,
Ukraine, 01033, Kyiv, Volodymyrs’ka str., 64
e-mail: vsam@jmath.kiev.ua

Some centrally extended current operator Lie algebra is considered as a symmetry Lie a‘llgebra of the
Lax tgpe integrable nonlocal differential-difference dynamical systems. As a result of its dimerization,
we obtain the Lax type representations for some local differential-difference equations as well as for
some nonlocal ones. An alternative approach to the Lie-algebraic interpretation of the integrable local
differential-difference systems is proposed.

Pozeanadaembces 0eaka YeHMPAAbHO po3wupena onepamopta anzebpa JIi nemeaw ax anzebpa Ji cu-
Mempill iHme2posHUX 3a JIaKcom HeAOKAALHUX OUepeHUiarbHO-PISHUYEBUX OUHAMIYHUX cucmem. B
pe3yabmami it 08omepusayii ompumaro 306paxcenna Jlakca 0aa 0eAKUX NOKAALHUX MA HEAOKANbHUX
OugpeperyianbHO-pI3HUYeBUX PIBHAHb. 3ANPONOHOBAHO aabmepHamueHul nioxio oo Jli-aneebpaiunoi
iHmepnpemauii iHmezpoeHUX JOKAALHUX OUGEPEHUIANLHO-PIZHULEBUX CUCIEM.

1. Introduction. Let A be an arbitrary continuous associative algebra over C, T : A — A —
some its automorphism:

T((k1a1 + k2a2) = le(al) + kgT(ClQ), T(ab) :'T(G)T(b)

for all a1, as € A and k;, ke € C. Assume also that on the algebra A there is defined a linear
mapping 7 : A — C with such properties:

7(ab) = 7(ba), 7(Ta)=7(a)
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for a,b € A. Define now an algebra G of all linear mapping A : A — A having such a structure:
A€ giff

AT)= > al’ 1)

1< <00

where a; € A and i € Z. On the associative operator algebra G one can define [1] the following
linear trace-operation:

tr A(T) := 7(ayp),
satisfying such additional important relationships:
tr (A(T)B(T)) = tr (B(T)A(T)) )

for all A(T"), B(T) € G. It is the standard procedure of converting the associative algebra
G into a Lie algebra G with the Lie product chosen the commutator in G:

[A(T), B(T')] := A(T)B(T) — B(T)A(T) €)
for A(T') and B(T') € G. In addition we also assume here that the scalar product
(A(T), B(T)) = tr (A(T)B(T)) 4)

is nondegenerate on G, that is, from the condition (A(T"), B(T')) = 0 for a fixed A(T") € G and
B(T), it follows that A(T") = 0.

Thus we have constructed above the operator Lie algebra G (1) and (3) which is endowed
with the nondegenerate scalar product (4), which is owing to (2) symmetric and ad-invariant,
that is ‘

(A(T), [B(T), C(T))) = ([A(T), B(T)), C(T))

for any A(T), B(T)and C(T') € G.

2. Central extension. Assume now that the basic associative algebra .4 depends effectively
on an independent parameter z € S!, which makes it possible to define the new associative
current algebra C§(A) = C*(S';.A) which naturrally generates [2] via the construction above
the corresponding current operator Lie algebra C4(G) = C*(S!;G) with the following modifi-
ed Tr-operation:

T A(T) = /d:L' 7(ao0)(x)
3!

for any A(T) € C&(G). It is obvious that on the current Lie algebra C§(G) there is defined the
corresponding to (4) scalar product:

(A(T). B(T)) := Tr (A(T)B(T)) ©)

for A(T) and B(T) € C§(G).
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The current Lie algebra C§(G) can be naturally extended now via its central extension
procedure: C§(G) :— CL(G) = (C4(G) ® C) with such a Lie product:

[(A(T), @), (B(T), B)] := ([A(T), B(T)], w2 A(T), B(T))), (6)

where by definition, wy : C4(G) x C4(G) — C is the standard Maurer — Cartan 2-cocycle on
C&(G), o, B € Cand for any A(T), B(T) € C&(G)

wa(A(T), B(T)) := / dz (A(T), dB(T)/dz). (7)
St

Assume now, in addition that an automorphism 7" : A — A is naturally extended to an
automorphism T : C4(A) — C§(A) — C. As a result we have constructed the centrally
extended current operatar Lie algebra Cé(G) which we shall interpret further as a symmetry
Lie algebra of specially built integrable nonlocal differential-difference dynamical systems.

3. R-matrix method. Consider now a nonlinear smooth dynamical system

o = Ky | ®)
on a 2m-periodic functional Poisson manifold M c C*(S!;R™), where K : M — T(M)
— the corresponding vector field on M. Assuming that dynamical system (8) possesses a
symmetry subalgebra isomorphic to some current Lie subalgebra C’é(gh), define also apriori
some momentum mapping [ :. M — Cé(é*) associated with the corresponding current Lie
algebra action of Cé(G) on M, being considered Poissonian [3], that is the Poisson structure
{.,.} on M is invariant with respect to this action and the diagram:

M - Cy(6)

Al A l adl, 4 (9)
(%
is commuting for any A € Cé(Q). As a result of the construction above one can represent the
Poisson structure on the manifold M as the standard reduction procedure of the canonical Lie
— Poisson structure on the adjoint space C&(G*):

{v, 1} = (VYD) VDD mipy (10)

for u € M and any smooth functionals v, y € D(Cé(g*)). Concerning the integrable Poissonian
flows (8) on M there needs to construct a hierarchy of Poisson commuting functionals h; €
€ D(M), j € Z,, which we shall produce here via the standard R-matrix [2] approach. Namely,
consider the space I(Cg1(G*)) of Casimir functionals v € D(Cg:1(G*)), satisfying due to (10)
and (6) such a functional equation:

dv ()

pran [, V(@) (11)
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for all [ := (I,1).€ Cs1(G*). Assume also now that the current Lie algebra Cs:(G) admits a
standard R-structure [2], that is the new bracket

[A, Bl = [A, RB] + [RA, B],

defined by means of a linear homomorphism R : Cs1(G) — Cg1(G), is a Lie bracket too
for all A, B € Cg:(G). This is the case [2] if a homomorphism R : Cg:1(G) — Cg1(G) satisfi-
es the Yang — Baxter condition:

R[A, Blg = le[A, B] + [RA, RB] (12)

for any A, B € Cg1(G). In particular, if R € Hom (C&(G)), then the corresponding mapping
R € Hom (Cg1(G)) one gets naturally as

(4, ). (B.B)lr = ([4, Bl,wr(RA, B) +ws(A, RB))

for any A, B € Cg(G) and a,8 € C. Now we are in a position to formulate the following
theorem.

Theorem 1. Given a hierarchy of Casimir functionals y; € (Cg: (G*)), j € Z,, solving the
equation (11), then all reduced on M functionals h; := ~j|i=y), w € M, j € Zy, are in involution
with respect to the Poisson bracket

{v: 3= = (VD). VeD)IR) 121w (13)

reduced from Cg1 (G* ) on M with respect to the diagram (9). Moreover, due to bracket (13) the
momentum mapping | : M — Cg1(G*) satisfies the following evolution equation in C(G*):

dl ] d(RV~()) (14)

at = R0t T g

where v € I(Cg1(G*)) is Hamiltonian function, t € R — an evolution parameter. The flow (14)
is equivalent to the Lax type representation of dynamical system (8):

dl d
— = |l - —,RVx()|, 15
= [1- = rv0). (15)

owing to the supposed nondegeneracy of the scalar product (5) on C’é(g*) o Cé(g).

The proof of this theorem is fulfilled via the standard scheme devised in [4, 5].

4. Integrable nonlocal differential-difference dynamical systems. Assume now that the
algebra C4(G) automorphism T : C4(G) — C4(G) is a simple shift on § € S! along the
parameter z € S':

Toa(x):=a(z+d), z €8, i=-1,

for any element a € CL(G), and consider for simplicity A = R.

ISSN 1562-3076. Heainitini koausarusa, 2000, m. 3, Ne 1 87



It is evident that the corresponding space C§(G) will be an operator Lie algebra with the
nondegenerate scalar product (5), where by definition, we put 7(a) = a for any a € R. Observed
further that the current Lie algebra C4(G) admits the usual splitting into two subalgebras:

Cs(9) = Cs(G+) ® Cs(-),
where by definition,
1< <00 ‘
C§(G1) =1{ > aT € C§(G): ai € C§(R) 3,

€24

(16)

ci(G-) == { Y Tloa; €Cy(G):ai€ cg(R)},

i€Z-
one gets the following partial solution to the Yang — Baxter equation (12):
1
R = (P — P-),

where Py : C&(G) — C&(G4) - the corresponding projectors on the subalgebras (16). If A(T)
and B(T) € C(G) are given, then one can calculate that

(4, B(1) = 3, [ aj(@lby(z)da, (a7
jezsl
where we put

i<<o0 ' Jj<<oo .
AT) = Y aT', B(T):= Y6 T7ob (18)

i€Z jEZ

for some a;, b; € C§(R), 4, j € Z. As aresult of the formula (17) one can identify spaces C&(G*)
and C§(G). with the relationships

C§(G1) ~ToC§(G-), C§(G2)~C§(G+)oT,

being held on C&(G*). Thus one can now simply generate. Lax type Hamiltonian systems via the
recipe (15), where v € I(Cs: (G*)) satisfies the equation (11).
Example. Let us take an element | € C§(G?}) as

l:=l[u] = iaT +ie 1, (19)

where @ € C and € € R — some constants,u € M C C*®°(S1; R).
The equation (11) can be simply enough solved putting for eachn € Z,.

V() = Y a1, | (20)

n—j€Zy
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where a; € C°(S!;R), n — j € Z, — some unknown functional parameters which are obtained
from (11) successively via the recurrent procedure. As a result one gets that at n = 2
ap = iea®, a1 = io(Tu+u + 2u56"1),
21)

ap = (H + 26710, Nu, +ie71u?, ...,
where
H:=(T+1)(T-1)7"!

— the well known integral operator acting as

H:feSR;C) = ~§ cthw(x(s—é)
R

f(§)d¢ € S(R;C),

on the Schwarz space S(R; C) of the fastly decreasing functions. Taking also into account that
the evolution equation (15) can be rewritten equivalently as

dl d
7= 1= 2 (V94 (22)
where v € I(Cg1(G*)), from (19) — (21) and (22) one gets immediately the following nonlocal
differential-difference Korteweg — de Vries type shallow water equation:

ou

5 = —ie(H + 2167107 Nuge + 2utty, (23)
first found in [6, 7] by means of completely different approaches. As § — 0, ¢ = 267! the
equation (23) appears to reduce into the usual Korteweg — de Vries equation

ou 1 + 2w

at 3U'rtz:z: T
and alternatively, as § — oo, ¢ = 1, (23) reduces into the well known Benjamin — Ono deep
water equation:

%Zf = 2uug + -71;/ —u?(f)j& (24)
R

where we have assumed that the period in z € R of the manifold M has been put to infinity. The

latter equation (24) was proved to be Lax type integrable too [4, 5] by means of a differential

Riemann - Hilbert problem in a strip of the complex extension of the variable z € R between

Imz = 0 and Im z = +24, and then periodically extended vertically to infinity.

5. Dimerization of the nonlocal differential-difference equations. Consider now a situation
when a functional element u € M C C*(R; B"™) with B being some associative algebra, for
instance, the algebra of pseudodifferential operators. An automorphism 7" : 4 — A, where
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A C C*(R;B), naturally deines the associative subalgebra G of homomorphism (1) whi-
ch then is transformed into the operator Lie algebra G with respect to the Lie product (3).
Introducing the current operator Lie algebra C4(G) and further its central extension by means
of the standard Maurer — Cartan cocycle (7), one can consider integrable operator dynamical
systems [8] of the form (22), based on solutions to the characteristic operator equation (11). As
aresult in such a way one can construct new integrable many dimensional nonlocal differential-
difference dynamical systems. For instance, a suitable operatorial variant of Example is given
by an element [ € C4(G ), where

1 :=l[d] = iaT + ie'al. (25)
Here & € M ¢ C*®(S'; B) and
1< <00 .
B .= { Z w; €' u; € S(Ry M), i € Z},
icZ
where M C C*(S!; R) - some basic functional manifold, and by definition,

)= 52, ria)i= [ dyrescaly)
‘ R

for any a € B,y € R. Having assumed now that 4 := u + 10§ € M. from (22) and (11) one
gets a new (different of that from [6]) integrable nonlocal differential-difference Kadomtsev —
Petviashvili equation, having important applications in hydrodynamics and plasma physics. On
the other hand, if the automorphism 7" : 4 — A is defined as

(Ta)(y) = (Tsa)(y) := a(y +i6), y € R,

for any a € A, § € Ry, and the algebra A is R 5 =z — independent, then the characteristic
equation (11) will take such a simple form:

[V~(1).1] = 0. (26)
The equation (26) evidently admits the following general solutions:

WP =Tl € 1(GY), 27)

where n € Z ., and by definition, for any p € Z

Tr Ay (T) = 7(a"). T = Ty,

with
k<<oo
Ap(T) =Y aP'Tf, € A
keZ

For instance, in (25) the element I € G} can be represented equivalently as

=l =ia(Ts),)P +ie~ a1
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for any p € Z,, that entails existence of the nontrivial p-th root l(llf)p € G what makes it possible

to compute Casimir functionals (27) as nontrivial ones. Having reduced now the element (25)
upon the degenerate subspace

My={t€ M: uj #0,j #0,1, up = u, u; = ie€},

from (22) and (27) one can retrieve successively the nonlocal differential-difference Korteweg
— de Vries hierarchy before constructed in [7]:

du du
at_l_ = —Uyg, E = 2uu, — Hum:u
du 1

el 7 Unaz + 3u?u, + —;—H(uuT)m + gu(Huz)z + -2—H2uzm, oy
where t; € R, j € Z,., — the corresponding evolution parameters and u € M.

Note. 1t is evident from the consideration above that our construction contains as a partial
case the standard local theory of integrable differential-difference equations [4] if one to put the
parameter x € Z C R and take an associative algebra A equal to Cz(B) with the automorphism
T:A— A, acting as '

(Ta')n =0Qnt1, NE Z*,
for any a € A := Cz(B). The corresponding linear mapping 7 : A — C is defined as follows:
7(a) = Z /dy resean(y; ),
nEZ'R

for any a = {an(y;€) € B: n € Z,y € S'} € A. The corresponding operator Lie algebra G of
homomorphisms of the space A can be naturally centrally extended by means of the standard
Maurer — Cartan 2-cocycle (7) in the variable y € S!. The resulting equation on Casimir functi-
onals y € I(G*) is written now as

dvy(l) _
rad A 410) (28)
for any I € G*, y € S!, and Lax type equations (22) as
dl d
T o= i 29
e EERATON] (29)

t € R - an evolution parameter. For instance, the element
i=1[u,v] =T +v+T 'ueg*

generates via solution of the equation (28) and substituting a solution into (29) a generalized
Toda chain. The latter in the case of independence on the parameter y € S! reduces into the
standard Toda system on the manifold M C Cz(R?):

du dv -1
i u(Tv — v), i (T~ u — u),

which is well known to be Lax type integrable [S, 9] bi-Hamiltonian flow on the discrete
manifold M.
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6. Local differential-diference equations: an alternative approach. Below we shall consider
the Lie-algebraic aspects of differential-difference integrable flows associated with the follo-
wing generalized linear matrix problem:

fn+1 = ln[“? /\]fna (30)

where f € loo(Z; CP), I, := ly[u;A] € G := GLy(C) for alln € Zy, with N € Z being fixed,
A € C — a “spectral” parameter and u € M C Cgz,(R™) — an apriori given discrete finite-
dinemsional manifold. To describe local integrable differential-difference equations associated
with the linear problem (30) it is necessary to study in detail the natural action of the product-
group GV := ®fi1 G on the phase space Mg = {l, € G: n € Zy}:

GN x Mg :— Mg,

given as follows:

{gn:ne N} x{lp: n€Zy}:= {gn+1lngg1 :n €Zn}. (31)
A functional v € D(M¢) is invariant with respect to the action (31) iff the discrete equation
Vy(lnt+1)ln1 = V(). (32)

where V+(l,) € G*, G — the Lie algeabra of the group G, holds for all n € Zy. From the
relationship (32) one finds readily that the quantity S, := S,(l) = Vy(ln)ln, n € Zn, called the
monodromy matrix, satisfies the following difference equation:

Spi1(Dln = 1,Sn() (33)

for n € Zy and any [ € M. Taking now the usual Sp-operation of the both sides of (33) one
gets immediately that all functionals

1 (Sn) =Sp (1), j € Zs,

are independent of the discrete parameter n € Zy and are invariant evidently with respect to
the standard Lie group G-action on the basic element S,, € G* - G due to (33). It is an easy task
to verify tha for all j € Z the result

V(SN () = SL0
holds for any n € Zy. Whence one can formulate the following important statement.

Theorem 2. The hierarchy of invariant with respect to the group action (31) the functionals
v; € D(Mg), j € Z,, is given exactly by the following expression:

7i = "5(Sn) = Sp Sy (D), (34)
where due to (33) for Sn(l) one can take such a matrix quantity:
N-1
Sn() = [] tnlws N,
n=1
being the real monodromy matrix for the linear problem (30).
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It is necessary to point out that an assertion similar to Theorem 2 was also formulated
without proof in [10], devoted to the R-matrix aproach to differential-difference equations.

Now we shall be interested in a regular procedure of generating the integrable differential-
difference flows associated naturally with the hierarchy of invariant functionals (34) on the
discrete manifold M. Consider the associative algebra A of all matrices Sy (!) € G* - G which
is converted into the Lie algebra Gy with the standard Lie product (3) on which could be defined
an R-structure with the Lie product [., .]z. Then evidently all functionals (34) are Casimir ones
on the space G} generating on Mg the following Lax type Poisson flows:

BN _ (5. RV () (39)
J

for all j € Z,. But these flows (35), as is easy to verify, generate the corresponding flows on
element [ € Mg

g-g = (R, ()Y (Sn) Y1 () Hom

— L {R(T (V5 (SN) a (D)},
with
U, (1) := fI Lifu; A], n € Z,
j=1

which do not conserve the invariant functionals vy, € D(Mg) for all j,k € Z,. To remedy this
problem let us generate hierarchy of flows on G, by means of making use of the well known
second [9, 10] nonlinear in Sy € G R-structure on the Lie algebra G):

R(SN)CL = R*[SN,G]SN + [SN,R((ISN)] (36)

for any a € G,. As a result of using (36) the following new hierarchy of Lax type flows on Mg
is easily obtained:

DN — 5w, RIV2(53)SW)] (37)
J

for all j € Z... Flows (37) are evidently naturally associated with the next flows on Mg: for any
JEZy

dl
dT" = Pri1(Dln = laPr(l), (38)
J

where for all n € Z we defined
P(l) := R(¥, () V;(Sn)SnTn(1)). (39)
Since the following identity

Vyi(ln) = ¥ ) VY3 (Sn) SN ¥n(l)
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holds for all j € Z, n € Z, the evolutions (38) can be rewritten down as flows

dly,

—= = (RV(ln41))ln = In(RV;(In))
J

on Mg forall j € Z;,n € Z. It is a simple task to verify that for all k, j € Z

dly
dt;

dyk

7= (Vi)

) = (V9(tn), (RV% (tns 1)l — 1 V(1)) =

= (R*(IlnV(ln)), Vi (lnt1) = (R*(Ve(ln)ln), Vi (ln)) =
= (R*(ln-1Vy(ln-1)). V'Yj(ln)) — (R* (Vi (ln)ln), V'Yj(ln)) =
. (ln-—lv'Yk(ln—l) - V’Yk(ln)ln),RV'Yj(ln) =0,

since the invariant functionals v, € D(Mg), k € Z., satisfy in virtue of (32) the condition
Vi)l = lh—1Vyk(ln—1) for all n € Z. Thus the above built evolution Lax type equations
(38). (39) possess the hierarchy of invariant functionals (34) being in involution with respect to
the correspondingly reduced on the finite-dimensional manifold M the Poisson bracket (37) on
the adjoint space G}. This ends our selfcontained analysis of the Lie-algebraic integrability of
the local differential-difference Lax type flows on the group manifold M.
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